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Abstract— Fuzzy Mathematics has seen an enormous growth since the introduction of notion of fuzzy sets by Zadeh in 1965. Kramosil 
and Michalek introduced the notion of fuzzy metric spaces which was later modified by George and Veeramani and others. The notion of 
intuitionistic fuzzy metric spaces was introduced by Park in 2004. Many authors have studied fixed point and common fixed theorems for 
mappings on fuzzy metric spaces and intuitionistic fuzzy metric spaces. In this paper we prove a common fixed point theorem for a 
sequence of mappings in an intuitionistic fuzzy metric space. 
 
Index Terms— Fixed Points, Fuzzy sets, Fuzzy Metric Spaces, Intuitionistic Fuzzy Sets, Intuitionistic Fuzzy Metric Spaces, Triangular 
Norm, Triangular Co norm.  

——————————      —————————— 

1 INTRODUCTION           
he concept of fuzzy sets was introduced by Zadeh [22] in 
1965. Since then, with a view to utilize this concept in 
topology and analysis, many authors have extensively 

developed the theory of fuzzy sets. In 1975, Kramosil and 
Michalek [7] introduced the concept of a fuzzy metric space by 
generalizing the concept of a probabilistic metric space to the 
fuzzy situation. The concept of Kramosil and Michalek [7] of a 
fuzzy metric space was later modified by George and 
Veeramani [1] in 1994. In 1988, Grabeic [11], following the 
concept of Kramosil and Michalek [7], obtained the fuzzy 
version of Banach’s fixed point theorem. Jungck [5] introduced 
the notion of compatible mappings in metric spaces and 
utilized the same as a tool to improve commutativity 
conditions in common fixed point theorems. This concept has 
frequently been employed to prove existence theorems on 
common fixed points. In recent past, several authors proved 
various fixed point theorems employing relatively more 
general contractive conditions. However, the study of 
common fixed points of non-compatible mappings is also 
equally interesting which was initiated by Pant [18]. The 
notion of Intuitionistic Fuzzy Sets was put forward by 
Atanassov [10] in 1986 and notion of Intuitionistic Fuzzy 
Metric Spaces was given by Park [9] in 2004 employing the 
notions of continuous ݐ −norm and continuous ݐ −  conorm. 
Fixed point theory is one of the most fruitful and effective 
tools in mathematics which has enormous applications in 
several branches of science especially in chaos theory, game 
theory, theory of differential equation, etc. Intuitionistic fuzzy 
metric notion is also useful in modeling some physical 
problems wherein it is necessary to study the relationship 
between two probability functions as noticed by Gregori et al. 
[21]. For instance, it has a concrete physical visualization in the 

context of two slit experiment as the foundation of ܧ −infinity 
theory of high energy physics whose details are available in El 
Naschie in [12], [13], [14]. The topology induced by 
intuitionistic fuzzy metric coincides with the topology 
induced by fuzzy metric as noticed by Gregori et al. [21]. 
Following this, Saadati et al. [17] reframed the idea of 
intuitionistic fuzzy metric spaces and proposed a new notion 
under the name of modified intuitionistic fuzzy metric spaces 
by introducing the notion of continuous ݐ − representable 
norm. 
Fixed point and common fixed point properties for mappings 
defined on fuzzy metric spaces  intuitionistic fuzzy metric 
spaces  and ℒ − fuzzy metric spaces have been studied by 
many authors like H. Adibi et al. [6], S. Sharma [19], J. Goguen 
[8], V. Gregori and A. Sapena [20], C. Alaca et al. [2], Saadati et 
al. [15], [16].  Most of the properties which provide the 
existence of fixed points and common fixed points are of linear 
contractive type conditions.  
In this paper we prove a common fixed point theorem for a 
sequence of mappings in intuitionistic fuzzy metric spaces 
introduced by Park [9] and modified by Saadati et al. [17]. For 
the sake of completeness we recall some definitions and 
results in the next section. 

2 PRELIMINARIES 
Definition 1: Let ℒ =  be a complete lattice, and ܷ a (∗௅≥,∗ܮ)
non empty set called a universe. An ℒ −fuzzy set ࣛ on ܷ is 
defined as amapping ࣛ:ܷ → .∗ܮ  For each ݑ	 in ܷ,ࣛ(ݑ) 
represents the degree (in	ܮ∗)  to which ݑ satisfies ࣛ. 
 
Lemma 2: Consider the set ܮ∗ and operation ≤௅∗ defined by	∶ 

∗ܮ = 	 (ଶݔ,ଵݔ)} ∶ 	 (ଶݔ,ଵݔ) ∈ [0, 1]ଶ	& 	ݔଵ + ଶݔ	 ≤ 	1}, 
(ଶݔ,ଵݔ) ≤	௅∗ (ଶݕ,ଵݕ) ଵݔ	⟺ 	≤  	ଵݕ	

and					ݔଶ 	 ≥ ,(ଶݔ,ଵݔ) for every		ଶ,ݕ	 (ଶݕ,ଵݕ) ∈  						.∗ܮ	
Then, 	ܮ∗,≤	௅∗) is a complete lattice.  
 
Definition 3: An intuitionistic fuzzy set ࣛ఍,ఎ  in a universe ܷ 
is an object ࣛ఍,ఎ = ݑ|((ݑ)ࣛߟ,(ݑ)ࣛߞ)} ∈ ܷ},  where, for all 
ݑ ∈ ܷ, (ݑ)ࣛߞ ∈ 	 [0, 1]	 and (ݑ)ࣛߟ ∈ [0, 1]	 are called the 

T
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membership degree and the non-membership degree, 
respectively of ݑ  in ࣛ఍,ఎ  and furthermore they satisfy                                
(ݑ)ࣛߞ 	+ (ݑ)ࣛߟ 	≤ 	1. 
 
Definition 4: For every ݖఈ 	= 	 ఈݔ) (ఈݕ, 	 ∈  we define ∗ܮ

∨ (ఈݖ) = 	 ൫݌ݑݏ(ݔఈ),  							.൯(ఈݕ)݂݊݅
Since ݖ	ఈ ∈ ∗ܮ	  then ݔ	ఈ + ఈ	ݕ	 ≤ 	1  so ݌ݑݏ(ݔఈ)  + (ఈݕ)	݂݊݅   ≤ 
ఈݔ)݌ݑݏ + (ఈݕ	 ≤ 	1, that is		∨ (ఈݖ) ∈  We denote its units by		.∗ܮ
0௅∗ = (0, 1)	and 1௅∗ = 	 (1, 0).  
Classically, a triangular norm ∗	= 	ܶ on ([0,1],≤) is defined as 
an increasing, commutative, associative mapping ܶ:	[0,1]ଶ →
[0,1]  satisfying ܶ(1,ݔ) = 1 ∗ ݔ = ,ݔ  for all ݔ ∈ [0,1].  A 
triangular conorm ܵ =	◊  is defined as an increasing, 
commutative, associative mapping ܵ: [0,1]ଶ → [0,1]  satisfying 
(ݔ,0)ܵ = 0 ◊ ݔ = ݔ for all ,ݔ ∈ [0,1].		Using the lattice (ܮ∗,≤௅∗) 
these definitions can be straightforwardly extended.  
 
Definition 5: [3, 4] A triangular norm (ݐ–norm) on ܮ∗ is a 
mapping  ࣮ ∶ 	 ଶ(∗ܮ)  :satisfying the following conditions ∗ܮ	→

ݔ∀) (1 ∈ ,ݔ)	࣮)(∗ܮ 1௅∗) =  (boundary condition) ,(ݔ
,ݔ)∀) (2 (ݕ ∈ ,ݔ)ଶ)൫࣮(∗ܮ) (ݕ = ,ݕ)࣮  ൯, (commutativity)(ݔ
,ݔ)∀) (3 ,ݕ (ݖ ∈ 	 ,ݕ)࣮,ݔ൫	ଷ)ቀ࣮(∗ܮ) ൯(ݖ = ,ݔ)	࣮)	࣮ ,(ݕ ,ቁ(ݖ  

(associativity), 
,’ݔ,ݔ)	∀) (4 ,ݕ (’ݕ ∈ ݔ)(ସ(∗ܮ) ≤௅∗ (’ݔ	 and 	൫ݕ	 ≤௅∗ ’ݕ ⟹

(ݕ,ݔ)࣮	 ≤௅∗  . (monotonicity)	൯.(’ݕ,’ݔ)	࣮
 
Definition 6: [3, 4] A continuous ݐ–norm ࣮ on ܮ∗ is called 
continuous ݐ– representable if and only if there exist a 
continuous ݐ–norm ∗  and a continuous ݐ–conorm ◊  on [0, 1] 
such that, for all ݔ = 	 ݕ ,(ଶݔ,ଵݔ) = (ଶݕ,ଵݕ) ∈  ,∗ܮ

,ݔ)	࣮ (ݕ 	= 	 ଵ	ݔ) ଶݔ,ଵݕ	∗  .(ଶݕ	◊
Now define a sequence ࣮௡ recursively by  ࣮ଵ = ࣮ and  

࣮௡൫ݔ(ଵ),⋯ ൯(௡ାଵ)ݔ, = ࣮(࣮௡ିଵ൫ݔ(ଵ),⋯ ,  ((௡ାଵ)ݔ,൯(௡)ݔ
for ݊ ≥ 2 and ݔ(௜) ∈  .∗ܮ	
We say the continuous ݐ–representable norm is natural and 
write ௡࣮  whenever ௡࣮(ܽ,ܾ) = ௡࣮(ܿ,݀)  and ܽ ≤௅∗	 ܿ  implies   
ܾ ≤௅∗	 ݀.                                 
 
Definition 7: A negator on ܮ∗ is any decreasing mapping 
ࣨ ∶	 ∗ܮ 	→ 	 ∗ܮ  satisfying ࣨ(0௅∗) 	= 	1௅∗  and ࣨ(1௅∗) 	= 0௅∗ 	.  If 
((ݔ)ࣨ)ࣨ 	= 	ݔ for all ,ݔ	 ∈ ࣨ then ,∗ܮ	  is called an involutive  
negator. A negator on [0, 1]  is a decreasing mapping 
ܰ:	[0, 1] → [0, 1]  satisfying ܰ(0) 	= 	1  and ܰ(1) = 	0.			 ௌܰ 
denotes the standard negator on [0, 1] defined as ௌܰ(ݔ) = 1−
,0]	߳	ݔ for all ݔ 1]. 
 
Definition 8: Let ܯ,ܰ are fuzzy sets from ܺଶ × (0, +∞) to 
[0, 1] such that ݔ)ܯ, ,ݕ (ݐ + ,ݔ)ܰ	 ,ݕ (ݐ ≤ 	1  for all ݔ, ݕ ∈ ܺ		and 
	ݐ > 	0. The 3−tuple ൫ܺ, ℳெ,ே ,࣮൯ is said to be an intuitionistic 
fuzzy metric space if ܺ is an arbitrary (non-empty) set, ࣮ is a 
continuous ݐ − representable norm and 	ℳெ,ே  is a mapping 
ܺଶ × (0, +∞)  (an intuitionistic fuzzy set, see Definition 3) ∗ܮ	→
satisfying the following conditions for every ݔ, 	ݕ ∈ 	ܺ  and 
,ݐ 	ݏ > 	0: 

1) ℳெ,ே(ݔ, ,ݕ (ݐ 	>௅∗ 	0௅∗; 
        2) 	ℳெ,ே(ݔ, ,ݕ (ݐ = 1௅∗ 		 if and only if ݔ =   ;ݕ
        3) ℳெ,ே(ݔ, ,ݕ (ݐ = 	ℳெ,ே(ݔ,ݕ,  ;(ݐ
      4)  ℳெ,ே(ݔ, ,ݕ 	ݐ +  (	ݏ	

≥௅∗	 	 ࣮	 ቀ	ℳெ,ே(ݔ, ,ݖ ,ݖ)ℳெ,ே,(ݐ ,ݕ ቁ(ݏ ; 
      5) ℳெ,ே(ݔ, :(·,ݕ (0,∞)  .is continuous 	∗ܮ	→
In this case 	ℳெ,ே is called an intuitionistic fuzzy metric space. 
Here, 	ℳெ,ே(ݔ, ,ݕ (ݐ = ,ݔ)ܯ) ,ݕ ,ݔ)ܰ,(	ݐ ,ݕ  .((	ݐ
 
Example 9: Let	(ܺ,݀) be a metric space. Define ࣮(ܽ,ܾ) =
{ܽଵܾଵ, min(ܽଶ 	+ 	 ܾଶ, 1)} for all ܽ = (ܽଵ,ܽଶ) and	ܾ = 	 (ܾଵ,ܾଶ) ∈  ∗ܮ
and let ܯ  and ܰ  be fuzzy sets on ܺଶ × (0,∞)	 defined as 
follows: 

ℳெ,ே(ݔ, ,ݕ (ݐ = ൫ݔ)ܯ, ,ݕ ,ݕ,ݔ)ܰ,(	ݐ  ൯(ݐ

= ቆ
ℎݐ௡

ℎݐ௡ ,ݔ)݀݉+ (ݕ ,
,ݔ)݀݉ (ݕ

ℎݐ௡ ,ݔ)݀݉+  												,ቇ(ݕ

for all ℎ,݉,݊, ݐ ∈ ℝା.  Then (ܺ, ℳெ,ே ,࣮	)  is an intuitionistic 
fuzzy metric space. 
 
Example 10: Let	ܺ = ܰ. Define ࣮(ܽ,ܾ) = {(max	(0,ܽଵ + ܾଵ −
1),ܽଶ 	+ 	ܾଶ − ܽଶܾଶ}  for all ܽ = (ܽଵ,ܽଶ)  and 	ܾ = 	 ( ଵܾ,ܾଶ) ∈  ∗ܮ
and let ܯ  and ܰ  be fuzzy sets on ܺଶ × (0,∞)	 defined as 
follows: 

ℳெ,ே(ݕ,ݔ, (ݐ = ൫ݕ,ݔ)ܯ, ,ݔ)ܰ,(	ݐ ,ݕ ൯(ݐ = ൞
	൬
ݔ
ݕ

,
ݕ − ݔ
ݕ ൰ ݔ	݂݅	 ≤ ݕ

ቀ
ݕ
ݔ

,
ݔ − ݕ
ݔ

ቁ ݕ		݂݅ ≤ ݔ
 

for all ݔ, ݐ and 	ܺ	߳	ݕ > 0. Then (ܺ, ℳெ,ே ,࣮	) is an intuitionistic 
fuzzy metric space. 
 
Definition 11: Let (ܺ,ℳெ,ே ,࣮	)  be an intuitionistic fuzzy 
metric space and    {ݔ௡} be a sequence in ܺ.    

1)  A sequence {ݔ௡} is said to be convergent to ݔ ∈ ܺ  in 
the intuitionistic fuzzy metric space ൫ܺ,ℳெ,ே ,࣮൯ and 
denoted by ݔ௡

ℳಾ,ಿሱ⎯⎯ሮ ௡ݔ)if ℳெ,ே  ݔ	 ,ݔ, (ݐ → 1௅∗ as ݊ → ∞ 
for every ݐ > 0. 

2) A sequence {ݔ௡} in an intuitionistic fuzzy metric space 
൫ܺ,ℳெ,ே ,࣮൯ is called a Cauchy sequence if for each 
0 < ߝ < 1  and ݐ > 0,  there exists ݊଴ ∈ 	ℕ   such that 
ℳெ,ே(ݔ௡,ݔ௠, (ݐ >௅∗ 	 ( ௦ܰ(ߝ), ݉,݊ and for each ,(ߝ ≥ ݊଴;	 
here ௦ܰ is the standard negator. 

3) An intuitionistic fuzzy metric space is said to be 
complete if and only if every Cauchy sequence in this 
space is convergent.  Henceforth, we assume that	࣮  is 
a continuous ݐ −norm on the lattice ℒ  such that for 
every ߤ	 ∈ 	 ∗0௅}	\	∗ܮ , 1௅∗}, there exists  ߣ	 ∈ ∗0௅}	\	∗ܮ	 , 1௅∗} 
such that   ࣮௡ିଵ(ࣨ(ߣ),⋯ ((ߣ)ࣨ, 	≥௅∗        .(ߤ)ࣨ

                                                                             
Lemma 12: Let ℳெ,ே be an intuitionistic fuzzy metric. Then for 
any ݐ > 0  , ℳெ,ே(ݕ,ݔ, (ݐ  is nondecreasing with respect to ݐ  in 
,ݔ	for all (∗௅	≥,∗ܮ	) ݕ ∈ ܺ. 
 
Definition 13: Let (ܺ,ℳெ,ே ,࣮	)  be an intuitionistic fuzzy 
metric space. For ݐ > 0, we define the open ball ݔ)ܤ, ,ݎ  with (	ݐ
center ݔ ∈ ܺ and 0 < ݎ < 1 by   

,ݔ)ܤ ,ݎ (ݐ = 	 ൛ݕ ∈ ܺ ∶ ℳெ,ே(ݔ, ,ݕ (ݐ >௅∗ ( ௦ܰ(ݎ),  .ൟ(ݎ
A subset  ܣ ⊂ ܺ  is called open if for each ݔ ∈  there exist  ,ܣ
ݐ > 0 and	0 < ݎ < 1  such that ݔ)ܤ, ,ݎ (ݐ ⊂ 	Let   .ܣ ℳ࣮ಾ,ಿ denote 
the family of all open subset of ܺ.  ℳ࣮ಾ,ಿ  is called the topology 
induced by the intuitionistic fuzzy metric space. 
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Definition 14: Let (ܺ,ℳெ,ே ,࣮	)  be an intuitionistic fuzzy 
metric space. A subset ܣ of ܺ is said to be  ܨܫ −bounded if 
there exist ݐ > 0  and 0 < ݎ < 1  such that 
ℳெ,ே(ݔ, ,ݕ (ݐ >௅∗ ( ௦ܰ(ݎ),ݎ)	for each ݔ, ݕ ∈  .ܣ
 
Definition 15: Let (ܺ,ℳெ,ே ,࣮	)  be an intuitionistic fuzzy 
metric space. ℳ	is said to be continuous on ܺ × ܺ ×	]0,∞[	if    

lim
௡→∞

ℳெ,ே(ݔ௡,ݕ௡ , (௡ݐ = ℳெ,ே(ݔ, ,ݕ  (ݐ
whenever {(ݔ௡ ௡ݕ, , {(௡ݐ  is a sequence in ܺ × ܺ ×	]0,∞[	which 
converges to a point 

,ݔ) ,ݕ (ݐ ∈ ܺ × ܺ ×	]0,∞[	݅.݁. , 		lim
௡→∞

ℳெ,ே(ݔ௡ ,ݔ, (ݐ
= lim

௡→∞
ℳெ,ே(ݕ௡ ,ݕ, (ݐ = 1௅∗ 

and lim௡→∞ℳெ,ே(ݔ, ,ݕ (௡ݐ = ℳெ,ே(ݔ, ,ݕ  .(ݐ
 
Lemma 16: Let (ܺ,ℳெ,ே ,࣮	) be an intuitionistic fuzzy metric 
space and define	ܧఒ,ℳಾ ,ಿ ∶ 	ܺ

ଶ → ℝା ∪ {0}	by 

,ݔ)ఒ,ℳಾ,ಿܧ                    (ݕ = 	ݐ}݂݊݅	 > 0 ∶ ℳெ,ே(ݔ, ,ݕ (ݐ >௅∗  {(ߣ)ࣨ

for each ߣ ∈ ,∗0௅}	\	∗ܮ 1௅∗}  and ݔ, ݕ ∈ 	ܺ  here, ࣨ  is an involutive  
negator. Then we have 
(݅) For any ߤ	 ∈ 	 ∗0௅}	\	∗ܮ , 1௅∗}, there exists ߣ	 ∈ ∗0௅}	\	∗ܮ	 , 1௅∗} such 
that ܧఓ,ℳಾ ,ಿ(ݔଵ,ݔ௡) ≤ (ଶݔ,ଵݔ)ఒ,ℳಾ,ಿܧ + ఒ,ℳಾܧ	 ,ಿ(ݔଶ,ݔଷ) +⋯+
௡ݔ⋯,ଷݔ,ଶݔ,ଵݔ for any (௡ݔ,௡ିଵݔ)ఒ,ℳಾ,ಿܧ ∈ ܺ. 

(݅݅)  The sequence {ݔ௡}௡∈ℕ  is convergent to ݔ  with respect to 
intuitionistic fuzzy metric ℳெ,ே  if and only if ܧఒ,ℳಾ ,ಿ(ݔ௡,ݔ) → 	0. 
Also, the sequence {ݔ௡}  is a Cauchy sequence with respect to 
intuitionistic fuzzy metric 	ℳெ,ே  if and only if it is a Cauchy 
sequence with	ܧఒ,ℳಾ,ಿ .  

Lemma 17: Let (ܺ,ℳெ,ே ,࣮) be an intuitionistic fuzzy metric 
space.   If 

			ℳெ,ே(ݔ௡,ݔ௡ାଵ, (ݐ ≥௅∗		 ℳெ,ே ൬ݔ଴,ݔଵ,
ݐ
݇௡൰

	 

for some ݇ < 	1 and ݊	߳	ℕ then {ݔ௡} is a Cauchy sequence. 
We now extend the above definitions and results.  
 
Definition 18: Let ܯ,ܰ are fuzzy sets from ܺଷ × (0, +∞) to 
[0, 1]such that  ݔ)ܯ, ,	ݕ ,ݖ (ݐ + ,ݔ)ܰ	 ,	ݕ ,ݖ (ݐ ≤ 	1 for all ݔ, ,ݕ 	ݖ ∈
ܺ		 and ݐ	 > 	0.  The 3− tuple ൫ܺ, ℳெ,ே ,࣮൯  is said to be an 
intuitionistic fuzzy metric space if ܺ  is an arbitrary (non-
empty) set, ࣮ is a continuous ݐ −representable and 	ℳெ,ே  is a 
mapping ܺଷ × (0, +∞) ∗ܮ	→  (an intuitionistic fuzzy set, see 
Definition 3) satisfying the following conditions for every 
,ݔ ,ݕ ݓ,	ݖ ∈ 	ܺ and ݐ, 	ݏ > 	0: 

1) ℳெ,ே(ݔ, ,ݕ ,ݖ (ݐ >௅∗ 	0௅∗; 
        2) 	ℳெ,ே(ݔ, ,ݕ ,ݖ (ݐ = 1௅∗  if and only if  ݔ = ݕ	 =  ;ݖ	
        3) 	ℳெ,ே(ݔ, ,ݕ ,ݖ (ݐ = 	ℳெ,ே(ݔ, ,ݖ ,ݕ (ݐ = 		ℳெ,ே(ݕ, ,ݔ,ݖ  ;(ݐ
        4)  ℳெ,ே(ݔ, ,ݕ ,ݖ +	ݐ  (	ݏ	

≥௅∗	 	 ࣮	 ቀ	ℳெ,ே(ݓ,ݕ,ݔ, ,ݓ)ℳெ,ே,(ݐ ,ݖ ,	ݖ ቁ(ݏ ; 
      5) ℳெ,ே (ݔ, ,ݕ (·,ݖ ∶ (0,∞)  .is continuous ∗ܮ	→
In this case 	ℳெ,ே is called an intuitionistic fuzzy metric. Here, 
	ℳெ,ே(ݔ, ,ݕ ,ݖ (ݐ = ,ݔ)ܯ) ,ݕ ,ݖ ,ݔ)ܰ,(	ݐ ,ݕ ,ݖ  .((	ݐ
 

Example 19: Let	(ܺ,݀) be a metric space. Define ࣮(ܽ, ܾ) =
(ܽଵ ଵܾ,ܽଶܾଶ, min	{ܽଷ 	+ 	ܾଷ, 1})  for all ܽ = (ܽଵ,ܽଶ,ܽଷ)  and 	ܾ =
	( ଵܾ,ܾଶ,ܾଷ) ∈ ∗ܮ  and let ܯ  and ܰ  be fuzzy sets on ܺଷ ×
(0,∞)	defined as follows: 

ℳெ,ே(ݔ, ,ݕ ,ݖ (ݐ = ൫ݔ)ܯ, ,ݕ ,ݕ,ݔ)ܰ,(	ݐ	ݖ ,	ݖ  ൯(ݐ

= ቆ
ℎݐ௡

ℎݐ௡ + ,ݕ,ݔ)݀݉ (ݖ ,
,ݔ)݀݉ ,ݕ (ݖ

ℎݐ௡ ,ݔ)݀݉+ ,ݕ  												,ቇ(ݖ

for all ℎ,݉,݊, ݐ ∈ ℝା.  Then (ܺ, ℳெ,ே ,࣮	)  is an intuitionistic 
fuzzy metric space.  
 
Definition 20: Let (ܺ,ℳெ,ே ,࣮	)  be an intuitionistic fuzzy 
metric space and    {ݔ௡} be a sequence in ܺ.    

1) A sequence {ݔ௡} is said to be convergent to ݔ ∈ ܺ  in 
the intuitionistic fuzzy metric space ൫ܺ,ℳெ,ே ,࣮൯ and 
denoted by ݔ௡

ℳಾ,ಿሱ⎯⎯ሮ ݔ	   if ℳெ,ே(ݔ௡ ,ݔ,ݔ, (ݐ → 1௅∗  as 
݊ → ∞ for every ݐ > 0. 

2) A sequence {ݔ௡} in an intuitionistic fuzzy metric space 
൫ܺ,ℳெ,ே ,࣮൯ is called a Cauchy sequence if for each 
0 < ߝ < 1  and ݐ > 0,  there exists ݊଴ ∈ ℕ   such that 
ℳெ,ே(ݔ௡,ݔ௡ ,௠ݔ, (ݐ >௅∗ 	 ( ௦ܰ(ߝ), ,(ߝ  and for each 
݊,݉ ≥ ݊଴;	 here ௦ܰ is the standard negator. 

3) An intuitionistic fuzzy metric space is said to be 
complete if and only if every Cauchy sequence in this 
space is convergent. 

 
Lemma 21: Let 	ℳெ,ே be an intuitionistic fuzzy metric. Then 
for any ݐ > 0 ,			ℳெ,ே(ݕ,ݔ, ,ݖ  is nondecreasing with respect to (ݐ
,ݕ,ݔ	for all (∗௅	≥,∗ܮ	) in ݐ ݖ ∈ ܺ. 
 
Definition 22: Let (ܺ,ℳெ,ே ,࣮	) be an intuitionistic fuzzy 
metric space. For ݐ > 0, we define the open ball ݔ)ܤ, ,ݎ  with (	ݐ
center ݔ ∈ ܺ and 0 < ݎ < 1 by 
,ݔ)ܤ ,ݎ (ݐ = ൛ݕ ∈ ܺ ∶ 	ℳெ,ே(ݔ, ,ݕ ,ݕ (ݐ >௅∗ ( ௦ܰ(ݎ),ݎ)ൟ 
A subset  ܣ ⊂ ܺ  is called open if for each ݔ ∈  there exist  ,ܣ
ݐ > 0 and	0 < ݎ < 1  such that ݔ)ܤ, ,ݎ (ݐ ⊂ 	Let   .ܣ ℳ࣮ಾ,ಿ denote 
the family of all open subset of ܺ.  ℳ࣮ಾ,ಿ  is called the topology 
induced by the intuitionistic fuzzy metric space. 
 
Definition 23: Let (ܺ,ℳெ,ே ,࣮	)  be an intuitionistic fuzzy 
metric space. ℳ	is said to be continuous on ܺଷ × (0,∞)	if    

lim
௡→∞

ℳெ,ே(ݔ௡ ௡ݕ, , ௡ݖ , (௡ݐ = ℳெ,ே(ݔ, ,ݕ ,ݖ  (ݐ
Whenever {(ݔ௡,ݕ௡ , ௡ݖ , ௡)} is a sequence in ܺଷݐ × (0,∞)	which 
converges to a point	(ݔ, ,ݕ ,ݖ (ݐ ∈ ܺଷ × (0,∞), ݅. ݁.,	  
 		lim௡→∞ ௡ݔ = ,ݔ 		lim௡→∞ ௡ݕ = ,ݕ 		lim௡→∞ ௡ݖ = ,ݖ    and 

lim
௡→∞

ℳெ,ே(ݕ,ݔ, ,ݖ (௡ݐ = ℳெ,ே(ݔ, ,ݕ ,ݖ  .(ݐ
 
Lemma 24: Let (ܺ,ℳெ,ே ,࣮	) be an intuitionistic fuzzy metric 
space and define	ܧఒ,ℳಾ ,ಿ ∶ 	ܺ

ଷ → ℝା ∪ {0}	by  

,ݔ)ఒ,ℳಾ,ಿܧ  ,ݕ (ݖ = 	ݐ}݂݊݅	 > 0 ∶ ℳெ,ே(ݔ, ,ݕ ,ݖ (ݐ >௅∗  {(ߣ)ࣨ

for each ߣ ∈ ,∗0௅}	\	∗ܮ 1௅∗} and ݔ, ,ݕ 	ݖ ∈ 	ܺ here, ࣨ is an involutive  
negator. Then we have 
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(i) For any ߤ	 ∈ ∗0௅}		∗ܮ	 , 1௅∗} there exists ߣ	 ∈ ∗0௅}		∗ܮ	 , 1௅∗} such that  
(௡ݔ,ଶݔ,ଵݔ)ఓ,ℳಾ,ಿܧ ≤ (ଷݔ,ଶݔ,ଵݔ)ఒ,ℳಾ,ಿܧ + (ସݔ,ଷݔ,ଶݔ)ఒ,ℳಾ,ಿܧ	 + 

⋯+ ௡ݔ⋯,ଷݔ,ଶݔ,ଵݔ for any (௡ݔ,௡ିଵݔ,௡ିଶݔ)ఒ,ℳಾ,ಿܧ ∈ ܺ. 

(݅݅)  The sequence {ݔ௡}௡∈ℕ  is convergent with respect to 
intuitionistic fuzzy metric ℳெ,ே  if and only if ܧఒ,ℳಾ ,ಿ(ݔ௡,ݔ, (ݔ →
	0.  Also the sequence {ݔ௡}  is a Cauchy sequence with respect to 
intuitionistic fuzzy metric 	ℳெ,ே  if and only if it is a Cauchy 
sequence with	ܧఒ,ℳಾ,ಿ . 

Proof: For (݅),  by the continuity of ݐ − norms, for every 
	ߤ ∈ ,∗0௅}	\∗ܮ 1௅∗},  we can find a ߣ	 ∈ 	 ∗0௅}\	∗ܮ , 1௅∗}  such that 
((ߣ)ࣨ,(ߣ)ࣨ)࣮ 	≥௅∗  , we have	By definition 18 .(ߤ)ࣨ
ℳெ,ே(ݔ, ,	ݕ ఒ,ℳಾܧ,ݖ ,ಿ(ݔଵ,ݔଶ,ݔଷ) + (ସݔ,ଷݔ,ଶݔ)ఒ,ℳಾ,ಿܧ	 +⋯ 

(௡ݔ,௡ିଵݔ,௡ିଶݔ)ఒ,ℳಾ,ಿܧ+ 	+  (ߜ݊

≥௅∗ 	࣮	(	ℳெ,ே(ܧ,ݓ,ݕ,ݔఒ,ℳಾ,ಿ(ݔଵ,ݔଶ,ݔଷ) +  (ସݔ,ଷݔ,ଶݔ)ఒ,ℳಾ,ಿܧ	

+⋯+ (௡ିଶݔ,௡ିଷݔ,௡ିସݔ)ఒ,ℳಾ,ಿܧ +
ߜ݊
2

),	 

ℳெ,ே(ݓ, ,ݖ  (௡ିଵݔ,௡ିଶݔ,௡ିଷݔ)ఒ,ℳಾ,ಿܧ,	ݖ

ఒ,ℳಾܧ+ ,ಿ(ݔ௡ିଶ,ݔ௡ିଵ,ݔ௡) 	+
ߜ݊
2

)) 

				≥௅∗ ((ߣ)ࣨ,(ߣ)ࣨ)	࣮ ≥௅∗  (ߤ)ࣨ

for every ߜ > 0, which implies that 
(௡ݔ,ଶݔ,ଵݔ)ఓ,ℳಾ,ಿܧ ≤ (ଷݔ,ଶݔ,ଵݔ)ఒ,ℳಾ,ಿܧ +  (ସݔ,ଷݔ,ଶݔ)ఒ,ℳಾ,ಿܧ	

																																															+⋯+ ఒ,ℳಾܧ ,ಿ(ݔ௡ିଶ,ݔ௡ିଵ,ݔ௡) +                                                                                 ߜ݊

Since ߜ > 0 was arbitrary, we have 
ఓ,ℳಾܧ     ,ಿ(ݔଵ,ݔଶ,ݔ௡) ≤ (ଷݔ,ଶݔ,ଵݔ)ఒ,ℳಾ,ಿܧ +  (ସݔ,ଷݔ,ଶݔ)ఒ,ℳಾ,ಿܧ	

																		+⋯+  .(௡ݔ,௡ିଵݔ,௡ିଶݔ)ఒ,ℳಾ,ಿܧ

For (݅݅), we have 
	ℳெ,ே(ݔ௡,ݔ, ,ݔ (ߟ 	>௅∗ (ߣ)ࣨ	 	⟺ ௡ݔ)ఒ,ℳಾ,ಿܧ (ݔ,ݔ, <  ߟ

 for every  ߟ	 > 	0.  
 
Lemma 25: Let (ܺ,ℳெ,ே ,࣮) be an intuitionistic fuzzy metric 
space. If 

ℳெ,ே(ݔ௡,ݔ௡ାଵ	,ݔ௡ାଶ, (ݐ ≥௅∗		 ℳெ,ே ൬ݔ଴,ݔଵ	,ݔଶ,
ݐ
݇௡൰

	 

for some ݇ < 	1 and ݊	߳	ℕ then {ݔ௡} is a Cauchy sequence. 
 
Proof: For every ߣ	߳	0}\ܮ௅∗ , 1௅∗}  and ݔ௡	߳	ܺ, we have  
 
,௡ାଶݔ,	௡ାଵݔ,௡ݔ)ఒ,ℳಾ,ಿܧ  (ݐ

= ݐ}݂݊݅ > 0 ∶ 		ℳெ,ே(ݔ௡ ,௡ାଶݔ,	௡ାଵݔ, (ݐ 	>௅∗ࣨ(ߣ)} 

≤ ݐ}݂݊݅	 > 0 ∶ 	ℳெ,ே ൬ݔ଴,ݔଵ	,ݔଶ,
ݐ
݇௡൰

	>௅∗ࣨ(ߣ)} 

= 	݂݅݊{	݇௡ݐ ∶ 	ℳெ,ே(ݔ଴,ݔଵ	,ݔଶ, (ݐ 	>௅∗ࣨ(ߣ)} 
= ݇௡		݂݅݊{ݐ > 0 ∶ 	ℳெ,ே(ݔ଴,ݔଵ	,ݔଶ, (ݐ 	>௅∗ࣨ(ߣ)} 
= ݇௡ܧఒ,ℳಾ,ಿ(ݔ௡ ,௡ାଶݔ,	௡ାଵݔ,   (ݐ

From lemma (24),  for every ߤ	߳	0}\∗ܮ௅∗, 1௅∗}  there exists 
	ߣ ∈ ∗0௅}	\	∗ܮ	 , 1௅∗}, such that 
௡ݔ)ఓ,ℳಾ,ಿܧ  (௠ݔ,௡ାଵݔ,

≤ ఊ,ℳಾܧ ,ಿ(ݔ௡,ݔ௡ାଵ,ݔ௡ାଶ) + 	 ఊ,ℳಾܧ ,ಿ(ݔ௡ାଵ,ݔ௡ାଶ,ݔ௡ାଷ) +⋯ 

 (௠ݔ,௠ିଵݔ,௠ିଶݔ)ఊ,ℳಾ,ಿܧ+																																																

 
≤ ݇௡ܧఊ,ℳಾ,ಿ(ݔ଴,ݔଵ,ݔଶ) + ݇௡ାଵ	ܧఊ,ℳಾ,ಿ(ݔ଴,ݔଵ,ݔଶ) + ⋯ 

																																													+݇௠ିଶܧఊ,ℳಾ ,ಿ(ݔ଴,ݔଵ,ݔଶ) 

= ఊ,ℳಾܧ ,ಿ(ݔ଴,ݔଵ,ݔଶ) ෍݇௝
௠ିଶ

௝ୀ௡

⟶ 0. 

Hence sequence {ݔ௡} is a Cauchy sequence. 

3 THE MAIN RESULT 
 
Theorem 1: Let {ܣ௡} be a sequence of mappings ܣ௜ of a complete 
intuitionistic fuzzy metric space 	(ܺ,ℳெ,ே ,࣮	) into itself such that, 
for any three mappings ܣ௜ ௝ܣ,    ௟ܣ,	
ℳெ,ே൫ܣ௜௠(ݔ),ܣ௝௠(ݕ),ܣ௟௠(ݖ),ߙ௜,௝,௟ݐ൯ ≥௅∗ ℳெ,ே(ݔ, ,ݕ ,ݖ   (ݐ
for some ݉;  here 	0 < ௜,௝,௟ߙ < ݇ < 	1	 for ݅, ݆, ݈ = 	1, 2,⋯	 ,ݕ,ݔ, ݖ ∈
ܺ	and ݐ	 > 	0. Then the sequence {ܣ௡} has a unique common fixed 
point in ܺ. 
 
Proof: Let ݔ଴ be an arbitrary point in ܺ and define a sequence 
{௡ݔ}  in ܺ  by ଵݔ	 	= ଶݔ,(଴ݔ)ଵ௠ܣ = ଷݔ,(ଵݔ)ଶ௠ܣ = 	⋯,(ଶݔ)ଷ௠ܣ  . Then 
we have 

ℳெ,ே(ݔଵ,ݔଶ	,ݔଷ, (ݐ = ℳெ,ே(ܣଵ௠(ݔ଴),ܣଶ௠(ݔଵ),ܣଷ௠(ݔଶ),  					(ݐ

																≥௅∗ ℳெ,ே ቆݔ଴,ݔଵ,ݔଶ,
ݐ

ଵ,ଶ,ଷߙ
ቇ, 

ℳெ,ே(ݔଶ,ݔଷ	,ݔସ, (ݐ = ℳெ,ே(ܣଶ௠(ݔଵ),ܣଷ௠(ݔଶ),ܣସ௠(ݔଷ),  				(ݐ

                          															≥௅∗ ℳெ,ே(ݔଵ,ݔଶ,ݔଷ, ௧
ఈమ,య,ర

) 

                          															≥௅∗ ℳெ,ே ൬ݔ଴,ݔଵ,ݔଶ, ௧
ఈభ,మ,య	ఈమ,య,ర	

൰ 

and so on. By induction, we have 

ℳெ,ே(ݔ௡ ,௡ାଶݔ,	௡ାଵݔ, (ݐ 	≥௅∗ ℳெ,ே ቆݔ଴,ݔଵ,ݔଶ,
ݐ

∏ ௜,௜ାଵ,௜ାଶߙ
௡
௜ୀଵ

ቇ 

for 	݊ = 1,2,3⋯,		which implies 
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,௡ାଶݔ,	௡ାଵݔ,௡ݔ)ఒ,ℳಾ,ಿܧ  (ݐ

= ݐ}݂݊݅	 > 0 ∶ ℳெ,ே(ݔ௡,ݔ௡ାଵ,ݔ௡ାଶ, (ݐ 	>௅∗ࣨ(ߣ)} 

≤ 	ݐ}݂݊݅ > 	0 ∶ 	ℳெ,ே ቆݔ଴,ݔଵ,ݔଶ,
ݐ

∏ ௜,௜ାଵ,௜ାଶߙ
௡
௜ୀଵ

ቇ >௅∗ࣨ(ߣ)} 

= ݂݅݊{ෑߙ௜,௜ାଵ,௜ାଶ

௡

௜ୀଵ

ݐ > 0 ∶ ℳெ,ே(ݔ଴,ݔଵ,ݔଶ, (ݐ >௅∗ࣨ(ߣ)} 

= ෑߙ௜,௜ାଵ,௜ାଶ

௡

௜ୀଵ

ݐ}݂݊݅	 > 0 ∶ ℳெ,ே(ݔ଴,ݔଵ,ݔଶ, (ݐ >௅∗ࣨ(ߣ)} 

= ෑߙ௜,௜ାଵ,௜ାଶ

௡

௜ୀଵ

ఒ,ℳಾܧ	 ,ಿ ,ଶݔ,ଵݔ,଴ݔ)	 ) 	≤ 	݇௡	ܧఒ,ℳಾ ,ಿ(ݔ଴,ݔଵ,ݔଶ, ) 

for every 	λ	L∗	\	{0୐∗ , 1୐∗}. 
Now, we show that {ݔ௡}  is a Cauchy sequence. For every 
µ	L∗	\	{0୐∗ , 1୐∗}, there exists γ	L∗	\	{0୐∗ , 1୐∗}	 such that 
௡ݔ)ఓ,ℳಾ,ಿܧ  (௠ݔ,௡ାଵݔ,

≤ ఊ,ℳಾܧ ,ಿ(ݔ௡,ݔ௡ାଵ,ݔ௡ାଶ) + 	 ఊ,ℳಾܧ ,ಿ(ݔ௡ାଵ,ݔ௡ାଶ,ݔ௡ାଷ) +⋯ 

 (௠ݔ,௠ିଵݔ,௠ିଶݔ)ఊ,ℳಾ,ಿܧ+

≤ ݇௡ܧఊ,ℳಾ,ಿ(ݔ଴,ݔଵ,ݔଶ) + ݇௡ାଵ	ܧఊ,ℳಾ,ಿ(ݔ଴,ݔଵ,ݔଶ) + ⋯ 

+݇௠ିଶܧఊ,ℳಾ ,ಿ(ݔ଴,ݔଵ,ݔଶ) 

= ఊ,ℳಾܧ ,ಿ(ݔ଴,ݔଵ,ݔଶ) ෍݇௝
௠ିଶ

௝ୀ௡

⟶ 0. 

As  ݉,݊ → 	∞.  Since ܺ is left complete, there is ݔ	ܺ such that  
lim௡→∞ ௡ݔ =  ௜ܣ is a periodic point of ݔ Now we prove that .ݔ	
for any		݅ = 	1, 2,⋯, we have   
  ℳெ,ே(ݔ, ,(ݔ)௜௠ܣ,ݔ  (ݐ
	≥௅∗ ࣮	(ℳெ,ே(ݔ, ,ݔ ௡ݔ , ݐ − ௡ݔ)ℳெ,ே,(ݐ݇  ((ݐ݇,(ݔ)௜௠ܣ,(ݔ)௜௠ܣ,

 = 	࣮(ℳெ,ே(ݔ, ,ݔ ௡ݔ , 	1)ݐ − 	݇)), 
ℳெ,ே(ܣ௡௠(ݔ௡ିଵ),ܣ௜௠ ௜௠ܣ,(ݔ)	  ((ݐ݇,(ݔ)	

 ≥௅∗ 	࣮	(ℳெ,ே(ݔ, ,ݔ ௡ݔ , 	1)ݐ − 	݇)), 
ℳெ,ே(ܣ௡௠(ݔ௡ିଵ),ܣ௜௠ ௜௠ܣ,(ݔ)	  ((ݐ	௡,௜,௜ߙ,(ݔ)	

≥௅∗ 	࣮	(ℳெ,ே(ݔ, ,ݔ ௡ݔ , 	1)ݐ − 	݇)),ℳெ,ே(ݔ௡ିଵ,ݔ, ,ݔ  ((ݐ
→ 	࣮	(1௅∗, 1௅∗) 	= 	1௅∗ 
as ݊ → ∞. Thus 	ℳெ,ே	(ݔ, ,(ݔ)௜௠ܣ,ݔ (ݐ = 1௅∗ and we get ܣ௜௠(ݔ) 	=
 .ݔ	
To show uniqueness, assume that ݕ ≠ ݔ  is another periodic 
point of ܣ௜ . Then we have 
                            
1௅∗ ≥௅∗ 	ℳெ,ே(ݔ, ,ݔ ,ݕ (ݐ 	= ℳெ,ே(ܣ௜௠(ݔ),ܣ௜௠(ݔ),ܣ௝௠(ݕ),   (ݐ

																																														≥௅∗ 	ℳெ,ே(ݔ, ,ݔ ,ݕ
ݐ

௜,௝,௟ߙ
) 

                         
	≥௅∗ 	ℳெ,ே(ݕ,ݔ,ݔ, ௧

௞
) 	= ℳெ,ே(ܣ௜௠(ݔ),ܣ௜௠(ݔ),ܣ௝௠(ݕ),  (݇/ݐ

                        
≥௅∗ ℳெ,ே(ݔ, ,ݔ ,ݕ ௧

௞మ
) 	≥௅∗ 	·	·	·	≥௅∗ 	ℳெ,ே(ݕ,ݔ,ݔ, ௧

௞೙
) 	→ 	1௅∗ 

as ݊	 → 	∞. Therefore, for every ݐ	 > 	0, we have ℳ(ݔ, ,ݔ ,ݕ (ݐ =
	1௅∗ 	, ݅. ݁. , ݔ = 		.ݕ Also (ݔ)௜ܣ	 = 	 ൯(ݔ)௜௠ܣ௜൫ܣ = ,൯(ݔ)௜ܣ௜௠൫ܣ ݅. ݁.,
(ݔ)௜ܣ  is also a periodic point of  ܣ௜  . Therefore, ݔ =
,(ݔ)௜ܣ	 ݅. ݁. ,  is a unique common fixed periodic point of the ݔ
mappings ܣ௡	for ݊ = 1, 2,⋯			.		This completes the proof. 

4 CONCLUSIONS 
In this paper we have proved a common fixed point theorem 
for a sequence of mappings for the modified intuitionistic 
fuzzy metric spaces defined using the notion of continuous t – 
representable norms. The result can be extended for more 
general conditions. 
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