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Abstract— Fuzzy Mathematics has seen an enormous growth since the introduction of notion of fuzzy sets by Zadeh in 1965. Kramosil
and Michalek introduced the notion of fuzzy metric spaces which was later modified by George and Veeramani and others. The notion of
intuitionistic fuzzy metric spaces was introduced by Park in 2004. Many authors have studied fixed point and common fixed theorems for
mappings on fuzzy metric spaces and intuitionistic fuzzy metric spaces. In this paper we prove a common fixed point theorem for a

sequence of mappings in an intuitionistic fuzzy metric space.

Index Terms— Fixed Points, Fuzzy sets, Fuzzy Metric Spaces, Intuitionistic Fuzzy Sets, Intuitionistic Fuzzy Metric Spaces, Triangular

Norm, Triangular Co norm.

1 INTRODUCTION

he concept of fuzzy sets was introduced by Zadeh [22] in

1965. Since then, with a view to utilize this concept in

topology and analysis, many authors have extensively
developed the theory of fuzzy sets. In 1975, Kramosil and
Michalek [7] introduced the concept of a fuzzy metric space by
generalizing the concept of a probabilistic metric space to the
fuzzy situation. The concept of Kramosil and Michalek [7] of a
fuzzy metric space was later modified by George and
Veeramani [1] in 1994. In 1988, Grabeic [11], following the
concept of Kramosil and Michalek [7], obtained the fuzzy
version of Banach’s fixed point theorem. Jungck [5] introduced
the notion of compatible mappings in metric spaces and
utilized the same as a tool to improve commutativity
conditions in common fixed point theorems. This concept has
frequently been employed to prove existence theorems on
common fixed points. In recent past, several authors proved
various fixed point theorems employing relatively more
general contractive conditions. However, the study of
common fixed points of non-compatible mappings is also
equally interesting which was initiated by Pant [18]. The
notion of Intuitionistic Fuzzy Sets was put forward by
Atanassov [10] in 1986 and notion of Intuitionistic Fuzzy
Metric Spaces was given by Park [9] in 2004 employing the
notions of continuous t —norm and continuous t — conorm.
Fixed point theory is one of the most fruitful and effective
tools in mathematics which has enormous applications in
several branches of science especially in chaos theory, game
theory, theory of differential equation, etc. Intuitionistic fuzzy
metric notion is also useful in modeling some physical
problems wherein it is necessary to study the relationship
between two probability functions as noticed by Gregori et al.
[21]. For instance, it has a concrete physical visualization in the
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context of two slit experiment as the foundation of E —infinity
theory of high energy physics whose details are available in El
Naschie in [12], [13], [14]. The topology induced by
intuitionistic fuzzy metric coincides with the topology
induced by fuzzy metric as noticed by Gregori et al. [21].
Following this, Saadati et al. [17] reframed the idea of
intuitionistic fuzzy metric spaces and proposed a new notion
under the name of modified intuitionistic fuzzy metric spaces
by introducing the notion of continuous t — representable
norm.

Fixed point and common fixed point properties for mappings
defined on fuzzy metric spaces, intuitionistic fuzzy metric
spaces, and L —fuzzy metric spaces have been studied by
many authors like H. Adibi et al. [6], S. Sharma [19], J. Goguen
[8], V. Gregori and A. Sapena [20], C. Alaca et al. [2], Saadati et
al. [15], [16]. Most of the properties which provide the
existence of fixed points and common fixed points are of linear
contractive type conditions.

In this paper we prove a common fixed point theorem for a
sequence of mappings in intuitionistic fuzzy metric spaces
introduced by Park [9] and modified by Saadati et al. [17]. For
the sake of completeness we recall some definitions and
results in the next section.

2 PRELIMINARIES

Definition 1: Let£ = (L*,<,) be a complete lattice, and U a
non empty set called a universe. An £ —fuzzy setA on U is
defined as amapping A:U — L*. For each u in U,A(u)
represents the degree (in L*) to which u satisfies A.

Lemma 2: Consider the set L* and operation <, defined by :
L= {(x1,%;) * (x1,x;) €[0,1]* & x; + x, < 1},
(1, x2) < 1y2) © %1 <y
and x, = y,, forevery (xq,x;), (y1,y,) € L.
Then, L*, < ,+) is a complete lattice.

Definition 3: An intuitionistic fuzzy set A, in a universe U
is an object A;, ={({.(w),n4(w))|u € U}, where, for all
u€euU, (4(m)e [0,1] and n,u(w) €[0,1] are called the
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membership degree and the non-membership degree,
respectively of u in A;, and furthermore they satisfy

Ca(w) +n,4(u) <

Definition 4: Forevery z, = (x,,v,) € L* we define

V(z,) = (sup(xa) inf (¥a)).
Since z, € L" then x , + y, < 1 50 sup(xy,) + inf (y,) <
sup(xq + o) < 1,that is v (z,) e L*. We denote its units by
0, =(0,12)and 1,- = (1,0).
Classically, a triangular norm « = T on ([0,1], <) is defined as
an increasing, commutative, associative mapping T: [0,1]? -
[0,1] satisfying T(1,x)=1xx=x, for all xe[01l]. A
triangular conorm S =1¢ is defined as an increasing,
commutative, associative mapping S:[0,1]?> - [0,1] satisfying
5(0,x) =00 x =x, for all x € [0,1]. Using the lattice (L, <;-)
these definitions can be straightforwardly extended.

Definition 5: [3, 4] A triangular norm (t-norm) on L* is a
mapping T : (L)% - L* satisfying the following conditions:
1) (vx € L) (x,1,-) = x), (boundary condition)
2) (V(xy) € W)N(T(x.y) = T(y,x)), (commutativity)
3) (V(xy.2)€ (L*)S)%f (¢ T(.2)) =T (T (x.3).2)),
(associativity),
4 (vV(xx,yy)eL))x <,y x) and
T(x,y) <+ T (x',y’)). (monotonicity).

ysvy=

Definition 6: [3, 4] A continuous t-norm T on L* is called
continuous t- representable if and only if there exist a
continuous t-norm = and a continuous t—conorm ¢ on [0, 1]
such that, for all x = (x,x;), ¥y = (y1,y,) €L,

T(y) = (x1% y1,%2 0 ¥2).
Now define a sequence 7" recursively by 7! = 7 and

Tn(x(l) x(n+1)) T(Tn l(x(l) x(n))’x(n+1))

forn >2and x® € L.
We say the continuous t-representable norm is natural and
write 7, whenever 7,(a,b) =7T,(c,d) and a <, ¢ implies
b<;-d.

Definition 7: A negator on L is any decreasing mapping
N: L' » L satisfying V(0,) = 1,» and N(1,) =0.,. If
N(NV(x)) = x, for all x € L, then IV is called an involutive
negator. A negator on [0,1] is a decreasing mapping
N:[0,1] -» [0,1] satisfying N(0) =1 and N(1)= 0. Ng
denotes the standard negator on [0, 1] defined as Ng(x) =1 —
x for all x € [0,1].

Definition 8: Let M,N are fuzzy sets from X2 x (0, +) to
[0,1]such that M(x,y,t)+ N(x,y,t) < 1 for all x,y € X and
t > 0.The 3 —tuple (X, My y,T) is said to be an intuitionistic
fuzzy metric space if X is an arbitrary (non-empty) set, T is a
continuous t —representable norm and M,y is a mapping
X2 x (0,+«) > L* (an intuitionistic fuzzy set, see Definition 3)
satisfying the following conditions for every x,y € X and
t,s > 0:

1) Myn(xy,t) > 0

2) My n(x,y,t) =1, ifandonly ifx =y;

3) My (x,y.t) = Myn(y,x,t);

4) Myn(x,y,t +s)

>. T (MMYN(x, z t),MMYN(z,y,s));
5) My n(x,¥,):(0,%0) - L* is continuous.
In this case M, y is called an intuitionistic fuzzy metric space.
Here, My v(x,y.t) = (M(x,y,t),N(x,y,t)).

Example 9: Let (X,d) be a metric space. Define T(a,b) =
{a;b;,min(a, + b,,1)}for all a = (a;,a,) and b = (b,,b,) € L*
and let M and N be fuzzy sets on X2 x (0,~) defined as
follows:

MM,N(x!y!t) = (M(xly!t)rN(xryrt))

_ ht" md(x,y)
B (ht" +md(x,y) ht" + md(x,y))'

for all h,m,n,t € R*. Then (X, My y,7 ) is an intuitionistic
fuzzy metric space.

Example 10: LetX = N. Define T(a,b) = {(max(0,a, + b, —
1),a, + b, —a,b,} for all a=(a;,a;,) and b= (b;,b,) €L
and let M and N be fuzzy sets on X2 x (0,~) defined as
follows:

(f’y—x) ifx<y
M@y t) = My, ) Nayn)=1 3 7
G )iy <=

forall x,y e X andt > 0. Then (X, My y,T ) is an intuitionistic
fuzzy metric space.

Definition 11: Let (X,Myy 7 ) be an intuitionistic fuzzy
metric space and {x,} be a sequence in X.

1) A sequence{x,}is said to be convergent tox € X in
the intuitionistig fuzzy metric space (X, My, 7)and
denoted by x, 8 x if My y(p,x,t) > 1rasn — oo
for every t > 0.

2) A sequence {x,} in an intuitionistic fuzzy metric space
(X, My, T)is called a Cauchy sequence if for each
O<e<landt=>0, there exists nj € N such that
My v (X, %, t) =1+ (Ng(€),€), and for eachn,m = ny;
here N, is the standard negator.

3) An intuitionistic fuzzy metric space is said to be
complete if and only if every Cauchy sequence in this
space is convergent. Henceforth, we assume that T is
a continuous t —norm on the lattice £ such that for
every u € L*\{0,-,1,-} there exists 1 € L*\{0.,1,+}
such that 7™ 1(W(A), -, N (1)) = NV (w).

Lemma 12: Let M), y be an intuitionistic fuzzy metric. Then for
any t >0 , My y(x,y,t) is nondecreasing with respect to t in
(L,< ) forallx,y € X.

Definition 13: Let (X,Myy 7 ) be an intuitionistic fuzzy
metric space. For t > 0, we define the open ball B(x,r,t) with
centerx e Xand0<r <1hby
B(xr r, t) = {y EX: MM,N(xlyl t) >L* (Ns(r)rr)}'

A subset A c X is called open if for each x € 4, there exist
t>0and0<r <1 suchthat B(x,7,t) c A. LetTy,, wy denote
the family of all open subset of X. 73, is called the topology
induced by the intuitionistic fuzzy metrlc space.
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Definition 14: Let (X,Myy 7 ) be an intuitionistic fuzzy
metric space. A subset A of X is said to be IF —bounded if
there exist t>0 and O<r<l1 such that
My n(xy,t) = (Ns(r),7) for each x,y € A.

Definition 15: Let (X,Myy, 7 ) be an intuitionistic fuzzy
metric space. M is said to be continuous on X x X x ]0, o[ if
rlll_r:'l My Cony Yo tn) = My (x, 3, t)
whenever {(x,, Y, t,)} is a sequence in X x X x ]0,e[ which
converges to a point
(x,y,t) eXxX x]0,0o[i.e., limMyy(x, x,t)
= Ii_l?lMM,N(ynrYx t) =1,
and lim,,_,.. My, 5 (x, 5, t,) = MMYN(x,y, t).

Lemma 16: Let (X, My, y,7 ) be an intuitionistic fuzzy metric
space and define E; 5, , : X* > R* U {0} by

EAYMM‘N(x, y) = inf{t >0: MM,N(X:% t) >, N(1)}

for each A € L*\ {0;-,1,-} and x,y € X here, V' is an involutive
negator. Then we have

(i) For any u € L*\{0,~,1,+}, there exists A € L*\{0,,1,+} such
that EM,MM‘N(xan) < EA,MM‘N(xsz) + EA,MM‘N(x21x3) ot
EAYMM‘N(xn_l,xn) forany x;,x,, x5, x, € X.

(ii) The sequence {x,},ey IS convergent to x with respect to
intuitionistic fuzzy metric M,y if and only if Ej 5, , (x5, x) = 0.
Also, the sequence {x,} is a Cauchy sequence with respect to
intuitionistic fuzzy metric M,y if and only if it is a Cauchy
sequence With Ej s, -

Lemma 17: Let (X, My, 7T) be an intuitionistic fuzzy metric
space. If

t
MM,N(xnrerlrt) =g MM,N (XO:XLF)
for some k < 1andn e N then {x, } is a Cauchy sequence.
We now extend the above definitions and results.

Definition 18: Let M, N are fuzzy sets from X3 x (0, +) to
[0,1]such that M(x,y,zt)+ N(x,y,z t)< 1for all x,y,z €
X and t > 0. The 3—tuple (X, My y,T) is said to be an
intuitionistic fuzzy metric space if X is an arbitrary (non-
empty) set, 7 is a continuous t —representable and M, yis a
mapping X3 x (0,+«) - L* (an intuitionistic fuzzy set, see
Definition 3) satisfying the following conditions for every
x,y,z,w€ Xandt,s > O

1) MM,N(xryrZrt) >+ 0p;

2) Myn(x,y,z,t) =1, ifandonlyif x = y = z

3) MM,N(X:%Z: t) = MM,N(erryr t) = MM,N(yrerrt);

4) Myn(x,y,z,t +5)

> T (MMYN(x,y,w,t),MMYN(w,Z,Z,s));

5) My n (x,¥,2,) : (0,%) — L is continuous.
In this case M, y is called an intuitionistic fuzzy metric. Here,
My (x.y.2,6) = (M(x,y,2,t ) N(x,y,2.t)).

Example 19: Let(X,d) be a metric space. Define T(a, b) =
(a,by,a,b,, min{a; + b;,1}) for all a=(a,,a;,a;) and b=
(by,b,,b3) €L and let M and N be fuzzy sets on X3 x
(0, =) defined as follows:

Myn(xy,z,t) = (M(x,y,zt),N(x,y,2,t))

B ht" md(x,y,z)
T \ht" + md(x,y,z) ht" + md(x,y,z) )’

for all h,m,n,t € R*. Then (X, My y,7 ) is an intuitionistic
fuzzy metric space.

Definition 20: Let (X,Myy, 7 ) be an intuitionistic fuzzy
metric space and {x,} be a sequence in X.

1) A sequence{x,} is said to be convergent tox € X in
the intuitionistic, fuzzy metric space (X, My, 7)and
denoted by x, — x if My y(x,,x,x,t) > 1;- as
n — o forevery t > 0.

2) A sequence {x,} in an intuitionistic fuzzy metric space
(X, My, T)is called a Cauchy sequence if for each
O0<e<l1and t >0, there exists n, € N such that
My v (n X, X, t) =10 (Ng(€),€), and  for each
n,m > ny; here N is the standard negator.

3) An intuitionistic fuzzy metric space is said to be
complete if and only if every Cauchy sequence in this
space is convergent.

Lemma 21: Let M, y be an intuitionistic fuzzy metric. Then
foranyt >0, My y(x,y, zt) is nondecreasing with respect to
tin(L,<,-)forallx,y,z € X.

Definition 22: Let (X, My, 5,7 ) be an intuitionistic fuzzy
metric space. For t > 0, we define the open ball B(x, r,t ) with
centerx e Xand0<r <1hby

B(xrrrt) = {y EX: MM,N(x’y’y! t) >L* (Ns(r)rr)}

A subset A c X is called open if for each x € 4, there exist
t>0and0<r <1 such that B(x,r,t) c A. Let Ty, y denote
the family of all open subset of X. T, . is called the topology
induced by the intuitionistic fuzzy metric space.

Definition 23: Let (X,Myy, 7 ) be an intuitionistic fuzzy
metric space. M is said to be continuous on X2 x (0, «) if
Ilm MM,N(xnran an tn) = MM,N(xr }’: Z, t)
Whenever {{x,,, v, 2, t,)} is a sequence in X3 x (0, ) which
converges to a point (x,y,z,t) € X3 x (0,«),i.e.,
lim,_.x, =x, lim_.y, =y, lim,_.z, =z
Li_l?lMM,N(xryr Z,ty) = MM,N(X:% z,t).

and

Lemma 24: Let (X, My, 5,7 ) be an intuitionistic fuzzy metric
space and define E 5, , : X* - R* U {0} by

Epoty (6 3:2) = inf{t >0 Myyp(xy.2,6) > N(D)}

for each A € L*\ {0;-,1,-}and x,y,z € X here, V' is an involutive
negator. Then we have
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(iyForany u € L* {0+, 1} thereexists A € L* {O;+,1;-}such that = inf{t >0: My y(n Xn41 Xnia:t) = x N (D)}
Eu,MM‘N(xlrxzrxn) < EA,MM‘N(X1:x21x3) + EA,MM‘N (x2,%3,%4) +

IN

. t
inf{t>0: MM,N (xo,x1 :XZ:F) > N(A)}
o B gy (nmz0 Xn—1, %) fOr any xy, x;, x5, -+ x, € X.

inf{k"t : My n(xo, %1, %2,8) > N(A)}

(ii) The sequence {x,}.ey IS convergent with respect to k™ inf{t = 0: My n(x0, %1, %5, t) =1 N(A)}

intuitionistic fuzzy metric My, y if and only if £} 5, (X0, X, %) = = k" Ej 0,y (0 Xng1 X2, )

0. Also the sequence {x,} is a Cauchy sequence with respect to

intuitionistic fuzzy metric M,y if and only if it is a Cauchy From lemma (24), for every uel™\{0,-,1,-} there exists
sequence With Ej 5, - A € L*\{0;+,1;,-} such that

E;l.,MM‘N (xnr Xn+1 xm)

Proof: For (i), by the continuity of t —norms, for every
u € L'\{0;+,1,-}, we can find a 2 € L*"\{0,-,1,-} such that
TWVA),N(A) = M(w). By definition 18, we have
Myn(,y 2, EAYMM‘N(xl,xz,x3) + EA,MM‘N(x21x3rx4) +oee

< Ey,MM‘N(xnrxn+1rxn+2) + Ey,MM‘N(xn+11xn+21xn+3) +oee

+Ey,MM‘N (xm—Z 1 Xm—11 xm)

+EA,MM‘N(xn—21xn—11xn) + Tl(S)
< k"E. (xg,x1,%,) + k"1 E (9, %1, %5) + =
Y Mp,n 0 A1 A2 Y Mp,n 0 A1 A2
2 T (Myn(x,y,w, EAYMM‘N(xl,xz,x3) + EA,MM‘N(x21x3rx4)
+km_2EyYMM‘N(x0,x1,x2)
né

+"'+EA,MM‘N(xn—4rxn—3rxn—2)+?)r s ,
= y,MM‘N(XO:xsz) Z k)l — 0.
MM,N(Wr zZ,Z rEA,MM‘N(xn—&xn—ern—l) j=-n
Hence sequence {x, } is a Cauchy sequence.
né
+E3 iy (-2, Xn—1,Xn) +?)) 3 THE MAIN RESULT
2y T (V(A), N () 21 V(W) Theorem 1: Let{4,} be a sequence of mappings 4; of a complete
o ) intuitionistic fuzzy metric space (X, M), y,7" ) into itself such that,
for every 6 > 0, which implies that for any three mappings A;, 4; , 4;

Ep.,MM‘N(xlrxzrxn) < EA,MM‘N(xlrx21x3) + EA,MM‘N(XZxx3xx4) MMYN(AT(X),AT-”(}/),AT(Z),aiyjylt) = My n(x,,2,t)
for some m; here O <a;;; <k < 1for i,jl= 1,2 ,x,y,z€
+oot By, (inegn Xnog, %) + 18 Xandt > 0. Then the sequence {4,,} has a unique common fixed
‘ pointin X.

Since § > 0 was arbitrary, we have

E,

y.,MM‘N(xlerrxn) < EA,MM‘N(xerer3) + EA,MM‘N(Xer3rx4) Proof: Let x, be an arbitrary point in X and define a sequence

{xa} In X by x; = AT (x0),x, = A7 (x1), x5 = AT (x2),-+ . Then
we have

e EA’MM‘N(xn_Z’xn_l’xn)' MM,N(xsz \X3,t) = MM,N(AT(XO),ATZH(XD,AEH (x2),t)
For (ii), we have ( t )
> M, Xg, X1, X9, — |,
Myn(xnx,x,1) > N(A) EA,MM‘N(xnrxrx) <7 LITMNA e d123

forevery n > 0. My n (2, %3 %4, 1) = Moy (A7 (x1), A3 (x2), A7 (x3), )

t
Lemma 25: Let (X, My, T) be an intuitionistic fuzzy metric 2 MMYN(xl’Xerzwaz‘“)
space. If
t
Zr Mun (xo,xl,xz,i)

t @123Q234
MM,N(xnrerl Xpyz, £) =g MM,N (XO:x1 :XZ:F)
and so on. By induction, we have
for some k < 1andn e N then {x, } is a Cauchy sequence. .
MM,N(xnrerl Ky t) =g MM,N <x0:x1:x2x7n )
i=1 Xii+1,i+2

Proof: For every A € L\{0,-,1;:} and x, € X, we have

for n =123, which implies
EA,MM‘N(xnrxn+1 rxn+21t)
IJSER © 2013
http://www ijser.org



International Journal of Scientific & Engineering Research Volume 4, Issue 1, January-2013 5

ISSN 2229-5518

EA,MM‘N(xnr Xn+1 1 Xn+2, t)

inf{t>0: MM,N(xnrxn+11xn+21t) > x N(D)}

IN

inf{t > 0: Myy <x0,x11x2r n >>L*N(’1)}

i=1 Xii+1,i+2

= inf{l_[ @i iv1ie2t =0 My (g, %1, %5, 1) =% N(A)}

n i=1

ﬂai,i+1,i+2 inf{t>0: MM,N(XO:XLXth) > x* N(A)}
iﬁl
= ﬂai,i+1,i+2 EA,MM‘N (x0,%1,%2,) < k" EA,MM‘N(XOrxlrxzr)
i=1
forevery Ae " \{0;-,1,:}.
Now, we show that {x,} is a Cauchy sequence. For every
pe L*\ {0, 1;-}, there exists ye L* \ {O.-,1,-} such that
E;I.,MM‘N(xnrxn+11xm)

< Ey,MM‘N(xnrxn+1rxn+2) + Ey,MM‘N(xn+11xn+21xn+3) +oee
+Ey,MM‘N(xm—21xm—11xm)
< k"EyYMM‘N(xo,xl,xz) + gt E},YMM‘N(xO,xl,xz) + -

+km_2EyYMM‘N(x0,x1, x3)
m-—2

= E},YMM‘N(xo,xl,xz) Z kI — 0.
j=n

As m,n — oo, Since X is left complete, there is xe X such that
lim,_..x, = x. Now we prove that x is a periodic point of 4;
forany i = 1,2,---, we have

My (x, 2, A7 (), £)

2 T (M n(x, %, %0, t — kt), My y (X0, A7 (%), A" (x), kt))

= T(MM,N(xrxrxnrt(l - k))r

Mg (A2 (), AT (), AT (x), kt))
ZL* T (MM,N(xr X, xnrt(l - k))r
My (AR (g ), AT (), AT (), 11 1))

ZL* T (MM,N(xr X, xnrt(l - k))rMM,N(xn—lrxr X, t))
- T (110) = 1
asn — oo, Thus My y (x,x, A7 (x),t) = 1,» and we get A7*(x) =
X.
To show uniqueness, assume that y # x is another periodic
point of 4;. Then we have

1= MM,N(xr xX,y,t) = MMYN(AT(X),A?(X),AJZH(}/),t)

t
2 Myn(xx,y,—)
’ i

=5 MM,N(xrxryré) = My (A7 (x), A7 (%), A7 (). t/ k)

t t
= My (x, x;}’,ﬁ) =g 2 MM,N(x'x'%k_n) - 1,

asn — oo Therefore, for everyt > 0, we have M (x,x,y,t) =
1 ie,x=y. Also Ax)= 44" (x)) = A7 (Ai(0)).i.e.,
A;(x) is also a periodic point of A; . Therefore, x =
A;(x),i.e.,x is a uniqgue common fixed periodic point of the
mappings 4, forn =1,2,--- . This completes the proof.

4 CONCLUSIONS

In this paper we have proved a common fixed point theorem
for a sequence of mappings for the modified intuitionistic
fuzzy metric spaces defined using the notion of continuous t —
representable norms. The result can be extended for more
general conditions.
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